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Bottom baryons from a dynamial lattie QCD simulation
Randy Lewis
Department of Physis and Astronomy, York University, Toronto, Ontario, Canada M3J 1P3
R. M. Woloshyn
TRIUMF, 4004 Wesbrook Mall, Vanouver, British Columbia, Canada V6T 2A3
Bottom baryon masses are alulated based on a 2+1 avor dynamial lattie QCD simulation.
The gauge eld ongurations were omputed by the CP-PACS and JLQCD ollaborations using an
improved lover ation. The bottom quark is desribed using lattie NRQCD. Results are presented
for single and double-b baryons at one lattie spaing. Comparison with experimental values is
disussed.
I. INTRODUCTION
There have been a number of developments sine
our previous systemati study [1℄ of heavy baryons in
quenhed lattie QCD whih suggest to us to revisit this
problem. On the experimental side, masses of four bot-
tom baryons have been measured sine our earlier work.
On the theory side improved analysis methods should al-
low for a more preise determination of the masses and
subsequently a more stringent test of the alulation. As
well, full dynamial simulations are beoming the norm.
Dynamial simulations for heavy baryons using lattie
formulations dierent from that used in this work have
been reported in Refs. [2℄ and [3℄.
Besides lattie QCD, heavy baryons have been studied
in many other approahes. A few reent papers (from
whih the extensive earlier literature may be traed) in-
lude work on QCD sum rules [4℄, the quark model [5, 6℄
and the ombined heavy quark and 1/Nc expansions [7℄.
With a single b-quark and dierent avor and spin
ombinations of up, down and strange quarks eight dif-
ferent baryons an be onstruted. The properties of the
baryons are summarized in Table I. For the purposes
of this work exat isospin symmetry is assumed; u and
d quarks are taken to be degenerate. The experimental
values for masses of Σb, Σ
∗
b , Ωb and Ξb have only beome
available in the past year[9, 10, 11℄.
A variety of approahes are being pursued to inor-
porate dynamial quark eets in lattie QCD simula-
tions. Ideally one would like to have u/d and strange
(2+1 avor) dynamial eets. As well, the light quarks
(u/d) should have small masses and the lattie volume
should be large. It is lear that these requirements stress
the omputing resoures available to even the largest lat-
tie QCD ollaborations so some ompromises have to be
made. It is not feasible for us to generate our own dynam-
ial gauge eld ongurations. Instead 2+1 avor dy-
namial ongurations, made available by the CP-PACS
and JLQCD ollaborations[12, 13℄, were used. These are
based on the Iwasaki RG gauge eld ation[14℄ and an
improved lover ation[15℄ for the quarks.
Lattie NRQCD[16℄ is used for the heavy quark. For
the lattie spaing onsidered here, only the b quark is
heavy enough for its mass to lie above the ut-o sale.
Table I: Properties of single-b baryons showing valene on-
tent (q=u/d), spin parity, isospin and mass (in GeV). The
quantity sl is the total spin of the light quark pair.
Baryon quark ontent JP I sl mass Ref.
Λb qqb
1
2
+
0 0 5.624 [8℄
Σb qqb
1
2
+
1 1 5.812(3) [9℄
Σ∗b qqb
3
2
+
1 1 5.8133(3) [9℄
Ωb ssb
1
2
+
0 1 6.165(16) [10℄
Ω∗b ssb
3
2
+
0 1
Ξb qsb
1
2
+ 1
2
0 5.793(3) [11℄
Ξ′b qsb
1
2
+ 1
2
1
Ξ∗b qsb
3
2
+ 1
2
1
Table II: Properties of double-b baryons showing valene on-
tent (q=u/d), spin parity and isospin.
Baryon quark ontent JP I
Ξbb qbb
1
2
+ 1
2
Ξ∗bb qbb
3
2
+ 1
2
Ωbb sbb
1
2
+
0
Ω∗bb sbb
3
2
+
0
Charm is too light to be simulated by NRQCD and so,
unlike Ref. [1℄, harmed baryons are not onsidered in
this study.
The parameters in the alulation, namely u/d, s and
b quark masses as well as the overall sale, are xed by
alulations done in the meson setor. Masses of heavy
baryons are then preditions of the simulation. In addi-
tion to single-b baryons listed in Table I we also alulate
the masses of the double-b baryons with properties given
in Table II. At present there are no data for double-
b baryons but it is hoped that eventually they will be
observed in some future experiment.
In Se. II details of the simulation are presented. There
is a brief summary of the ations and the lattie param-
eters. The analysis method is also disussed.
2Table III: Lattie parameters. The lattie size is 203 × 40
with Iwasaki gauge ation β = 1.90 and quark ation lover
oeient cSW = 1.715. The masses of u/d and s quarks are
enoded in the hopping parameters κq and κs respetively.
ongurations κq κs U0
480 0.1358 0.1358 0.8396
576 0.1364 0.1358 0.8415
576 0.1368 0.1358 0.8425
576 0.1370 0.1358 0.8432
480 0.1358 0.1364 0.8405
576 0.1364 0.1364 0.8422
576 0.1368 0.1364 0.8433
576 0.1370 0.1364 0.8439
Results are given in Se. III and ompared to available
experimental data. Limitations of this work and future
diretions are disussed in Se. IV.
II. NUMERICAL SIMULATION
A. Simulation details
Gauge eld ongurations inorporating the full dy-
namial vauum polarization eets of u,d and s quarks
are employed in this work. These gauge ongura-
tions were generated by the CP-PACS and JLQCD
ollaborations[12, 13℄ and made available through the
Japan Lattie Data Grid[17℄.
The gauge eld ation is an improved ation developed
by Iwasaki[14℄ and in addition to the standard plaquette
term it ontains six-link operators with oeients tuned
so that the ation lies lose to the renormalized traje-
tory. The quark ation is of the lover type[15℄. The
oeient of the lover was tuned nonperturbatively[18℄
and is the same for all values of sea-quark mass. Hy-
brid Monte Carlo was used for the two light avors (u/d)
and the Polynomial Hybrid Monte Carlo was used for the
strange sea quark[19℄.
In this work, a subset of the CP-PACS/JLQCD 2+1
avor ongurations at β = 1.90 with lattie size 203×40
is used. The oeient of the lover term in the quark
ation was 1.715 (see Ref. [13℄). Other lattie parameters
are given in Table III. The quantity U0 equals 1/3 of the
trae of the mean gauge-eld link in Landau gauge and
is used as the tadpole fator in the NRQCD ation.
A non-relativisti ation[16℄ is used to desribe the b
quark. This approah is useful when the bare mass of the
quark is larger than the uto sale. The partiular form
of the ation used in this work is essentially the same
as that used in our previous works[1, 20℄. Terms up to
O(1/M30 ) in the heavy quark mass M0 are retained. The
only dierene is that while [1, 20℄ used an anisotropi
lattie, here the lattie is isotropi. The details of the
ation are given in the Appendix.
Simulations were done for three values of the heavy-
quark bare mass: 2.28, 2.34 and 2.40 in lattie units. This
allowed for interpolation to the physial b-mass value.
Correlation funtions were alulated using loal
hadron operators at the soure and sink. For heavy
baryons the operators used were exatly the same as
detailed in Ref. [1℄. In addition to baryon orrelators,
orrelators were alulated for pseudosalar and vetor
mesons in the light setor (u/d,s), the heavy-light setor
(B-mesons) and the heavy-heavy setor (Υ). The meson
alulations were used to determine the physial val-
ues for the quark masses and the overall sale. As well
they provide some additional preditions whih test the
alulation.
Non-relativisti quarks propagate only forward in time.
For ombining relativisti quarks with non-relativisti
quarks it is onvenient to use Dirihlet boundary ondi-
tions for the light quark propagators; propagation aross
the time boundary is not allowed. If the soure time is
set in from the time boundary (four time steps is used in
this alulation) it an be veried that meson masses in
the light setor are the same, within statistial errors, as
those omputed with more usual periodi time boundary
onditions.
In order to get some extra suppression of statistial
utuations and reah the level of preision that we would
like, multiple soures were used. For eah gauge eld on-
guration a set of orrelators was alulated using dier-
ent spae-time points as the soure point. This set was
averaged and the average value was used as the represen-
tative orrelation funtion for the onguration. Eight
soures per onguration were used in this alulation.
B. Analysis
Correlation funtions were t with a sum of exponen-
tials
g(t) =
n−1∑
i=0
zie
−Eit
(1)
over a xed time range whih for our standard analysis
extended for 27 time steps starting one time step past
the soure position. For mesons three exponential terms
were found to be adequate while for baryons four terms
were used. The advantage of a multi-exponential t over
methods suh as tting over an eetive mass plateau is
that it is less subjetive. Also it makes better use of the
orrelation funtion data at times where the statistial
error is small.
To stabilize the ts a onstrained tting method[21℄
was used. The usual χ2 is augmented with a term whih
ats to prevent the t parameters from straying outside
some sensible (but broad) range. The onstraint term for
3the oeients zi was taken to be
n−1∑
i=0
(zi − z¯i)
2
σ2z¯i
. (2)
The priors were hosen to be z¯i = σz¯i = g(0)/n, whih
is a very loose onstraint. The onstraint term for the
exponents (energies) has a similar form
n−1∑
i=0
(Ei − E¯i)
2
σ2
E¯i
. (3)
One might be tempted to hoose a onstraint whih is
minimally biased suh as equal spaing of the energies
E¯i − E¯i−1 = δE and σE¯i = δE. In pratie it was found
that to prevent the ourrene of obviously spurious solu-
tions, where for example two terms have the same expo-
nent and oeients of opposite sign, a somewhat tighter
onstraint is needed. For our ts we use E¯1 − E¯0 = 0.5
and E¯i−E¯i−1 = 1.0, i > 1 with E¯0 equal to 0.5 for mesons
and 0.8 for baryons. The σE¯i were hosen to be propor-
tional to the spaing between the E¯i with a ommon re-
dution fator taken to be 0.83. With this setup spurious
solutions were avoided and the ground state energy was
very stable with respet to hanges in the onstraint pa-
rameters. For example, it was found that hanging prior
parameters by 20% led to hanges in single-b baryon sim-
ulation energies (whih are most sensitive) of about 1%.
This eet is inorporated into the estimated systemati
unertainty.
To determine the statistial errors, bootstrap analy-
sis was used. A sample of 600 bootstrap ensembles was
reated and a omplete analysis was arried out for eah
ensemble. In this way the unertainty in determining the
quark mass parameters and the sale is inorporated into
the bootstrap error estimate of the nal result.
A few systemati eets were examined expliitly.
These inlude sensitivity to the hoie of time range for
tting the orrelators, to the determination of the b-
quark mass and to the hoie of extrapolation funtion
in u/d and s quark mass. In addition, there are system-
ati errors assoiated with the omitted higher order ef-
fets in the NRQCD ation. These are disussed in great
detail by Gray et al.[22℄ for the Υ system. For heavy-
light hadrons the appropriate power ounting is dierent
than for quarkonium[23℄. The expansion parameter is
p/M0 where the typial momentum of the heavy quark
p ∼ ΛQCD, independent of quark mass. Radiative or-
retions to the ation then are O(αsΛQCD/M0) relative
to the leading kineti term[23℄ whih we estimate an
indue a 1.5% relative unertainty in the simulation en-
ergies. The NRQCD ation is orreted for O(a2) lattie
spaing errors at tree level. The leading disretization
orretions are O(αs(aΛQCD)
2) and a 0.5% frational
systemati error is assigned to these eets. The ation
used in this work inludes O(1/M30 ) terms and higher
order relativisti eets are assumed to be negligible.
III. RESULTS
A. Mesons
The rst task is to determine the quark mass parame-
ters and overall sale. We start with the u/d and s se-
tor and use the pion, rho meson and phi meson masses
as experimental input. Lattie masses for these mesons
are alulated with the eight ensembles in Table III. For
eah orrelator the valene mass was taken to be equal
to the u/d mass or to the strange mass. No partially
quenhed orrelators, with a valene mass dierent from
a sea-quark mass of the same avor were used in this
work.
The lattie meson masses were then t as a funtion of
quark mass using the vetor Ward identity (VWI) de-
nition of the quark mass m = (1/κ− 1/κcr)/2 where κcr
is the point where the pseudosalar meson mass vanishes
when all valene and sea quark masses have this hopping
parameter.
The tting funtions are motivated by the study of
light quark masses in Ref. [13℄. For the pseudosalar
meson (with degenerate valene quarks) it was found that
the three terms
b1mv + b2(2mq +ms) + b3mv(2mq +ms), (4)
where mv, mq and ms are valene, u/d and s quark
masses from the VWI denition, gives a good desrip-
tion of the mass squared lattie data. Note that κcr is a
free parameter in the t as are the oeients b1, b2, b3.
For the vetor meson the mass was t using
c1 + c2mv + c3(2mq +ms) + c4m
2
v (5)
whih takes into aount a slight nonlinear dependene
on the quark mass. In determining the oeients of this
t κcr is xed to the value obtained in the pseudosalar
meson t.
After the t parameters are determined one an solve
for the values of the hopping parameters and the lattie
spaing that reprodue the input experimental numbers.
The results are κq = 0.13784(2) and κs = 0.13618(9)with
a value of the inverse lattie spaing a−1 = 1.89(3)GeV.
We note that the inverse lattie spaing obtained here is
slightly dierent from that quoted in [13℄ but it has to
be remembered that the number of ongurations, the
number of ensembles and the details of the mass extrap-
olation are also dierent.
The b-quark mass is determined using the Υ mass as
input. In NRQCD the quark mass has been removed
from the ation. The zero-momentum hadron orrela-
tor yields a simulation energy to whih the renormalized
quark mass and energy shift must be added to get the
hadron mass. Alternatively the hadron mass an be de-
termined from the kineti energy. For this purpose the
orrelators for bb mesons arrying a unit of momentum
were alulated. The meson mass M (lattie units) is
4obtained using
M =
2π2
N2s (Esim(p)− Esim(0))
(6)
where Ns is the spatial extent of the lattie, p = 2π/Ns
and the dierene in simulation energies is just the kineti
energy.
Kineti energies were alulated for Υ at all the heavy
bare quark masses listed in Se. II A and for all eight
ensembles. It was found that kineti energies were pra-
tially independent of the values of the sea quark masses
with no systemati trend whih would allow for extrap-
olation. Therefore for eah ensemble an independent de-
termination of the bare b-quark mass was made by in-
putting the experimental Υ mass and the inverse lattie
spaing obtained above. The values (in lattie units)
varied in the small range from 2.375(78) to 2.416(77).
A value in the middle of this range 2.391(78), obtained
from the ensemble κq = 0.1368, κs = 0.1364, was used
as our nominal value for the b mass. The maximum and
minimum values were used to estimate a systemati un-
ertainty in the hadron masses. The eet of hoosing
dierent values for the b-quark mass was found to be
small, typially hanging the nal hadron mass by an
MeV or so.
Having determined the physial point for the b-quark
mass one an get the splitting between the Υ and the ηb
just from interpolating the dierene in simulation en-
ergies for the bb¯ vetor and pseudosalar hannels. The
alulated Υ−ηb mass dierene is given in Table IV and
is smaller than the reent value reported by the BaBar
ollaboration[25℄. The underestimate of the quarkonium
spin splitting has been a ommon feature of simulations
done with NRQCD[26, 27, 28℄. The systemati study by
Gray et al.[22℄ (see their Fig. 14) shows that this quantity
is quite sensitive to the ontinuum extrapolation for light
sea-quark masses. Gray et al.[22℄ predited a ontinuum
extrapolated value of 61(14)MeV, somewhat larger than
our value at a non-zero lattie spaing. Note that part
of the dierene between their value and ours is due to
O(v6) terms in the NRQCD ation whih we inlude and
they do not. From a test run on a single ensemble it is
estimated that these terms derease the spin splitting by
about 15%.
Although the main motivation for this work was to
study heavy baryons, the masses for heavy-light (B)
mesons were also alulated. The masses were om-
puted relative to the Υ whih was an input to the al-
ulation. Above, the kineti energy was used to deter-
mine the Υ mass but alternatively it is given as MΥ =
E
(Υ)
sim + 2(ZM0 − Eshift) where Z is the mass renormal-
ization fator and Eshift is an additive mass shift. The
quantities Z and Eshift are independent of the hadroni
state[24℄ so for a hadron, suh as the B-meson, ontain-
ing a single b quark MB = E
(B)
sim + ZM0 − Eshift. The
mass an then be obtained using
MB = E
(B)
sim +
1
2
(MΥ − E
(Υ)
sim). (7)
Table IV: Lattie results for meson masses and spin splittings
(in GeV) ompared to experimental values. The Υ−ηb result
is from [25℄, other experimental values are from [8℄.
mass-MΥ/2 mass Experiment
Υ− ηb 0.039(1)(
8
7) 0.0714(
31
23)(27)
B 0.527(6)(8) 5.257(6)(8) 5.2793(4)
B∗ 0.530(7)(109 ) 5.300(7)(
10
9 ) 5.325(1)
Bs 0.617(3)(10) 5.346(3)(10) 5.366(1)
B∗s 0.658(4)(11) 5.388(4)(11) 5.412(1)
B∗ −B 0.043(3)(54) 0.0458(4)
B∗s −Bs 0.042(2)(
5
4) 0.0461(15)
The results, extrapolated in light quark mass and on-
verted to physial units, are shown in Table IV along
with the experimental values from the PDG[8℄. The rst
error in the lattie results is the statistial (bootstrap)
error. The seond error inorporates the hanges that
result from hanges in the time range used in tting the
orrelators, the unertainty in determining the b-quark
mass and the hoie of u/d and s quark mass tting fun-
tion. For the mass range used in this present simulation
the heavy-light meson masses are onsistent with a linear
dependene on quark mass
c1 + c2mv + c3(2mq +ms) (8)
where mv,mq and ms are the VWI quark masses. This
was the form used to extrapolate for u/d and interpolate
for s. The systemati error inorporates an estimate of
sensitivity to non-linear quark mass dependene made by
adding a quadrati term as in Eq. (5). Also inluded in
the systemati error are estimated unertainties assoi-
ated with radiative and disretization orretions to the
NRQCD ation.
The heavy-light meson results look quite reasonable al-
though there is a systemati underestimate of the mass
by about 25MeV ompared to experimental values. It is
plausible that a ommon eet underlies this trend. At
this stage, we don't know the eet of hanging the lat-
tie spaing so it is natural to suspet that the overall dis-
repany in Table IV is due to a small unorreted lattie
spaing error. Assuming the lattie spaing error assoi-
ated with the light quark ation is O(a2Λ2QCD) one gets
the estimate a2Λ2QCD(mass-MΥ/2) ∼ 0.015GeV whih is
roughly the size of the observed disrepany. Note that
for heavy-light mesons, where the wavefuntions are not
so strongly aeted by short distane interations as in
bottomonium, there is good agreement of the alulated
spin splittings with experimental values.
B. Baryons
The alulation of baryon masses proeeds very muh
like that for heavy-light mesons. The simulation ener-
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Figure 1: A Σb orrelator as a funtion of lattie time. The
lattie boundaries are at t equals 1 and 40. The soure is at t
equals 5. The t (solid line) is done inluding points t equals
6 to 32.
Table V: Lattie results for masses of single-b baryons (in
GeV) ompared to experimental values.
mass-MΥ/2 mass Experiment Ref.
Λb 0.911(21)(
15
33) 5.641(21)(
15
33) 5.620(2) [8℄
Σb 1.065(16)(
17
26) 5.795(16)(
17
26) 5.8115(30) [9℄
Σ∗b 1.112(26)(
20
18) 5.842(26)(
20
18) 5.8327(34) [9℄
Ωb 1.276(10)(
20
19) 6.006(10)(
20
19) 6.165(16) [10℄
Ω∗b 1.314(18)(
20
21) 6.044(18)(
20
21)
Ξb 1.051(17)(
17
16) 5.781(17)(
17
16) 5.7929(30) [11℄
Ξ′b 1.173(12)(
18
19) 5.903(12)(
18
19)
Ξ∗b 1.220(21)(
19
21) 5.950(21)(
19
21)
gies were determined by doing four-term exponential ts
to the baryon orrelation funtion. A typial example,
showing the quality of the simulation data and of the t,
is given in Fig. 1. For single-b baryons, masses were al-
ulated using the baryon analog of Eq. (7). The resulting
masses were rst interpolated in the b-quark mass to the
physial point determined by MΥ. Then the u/d and s
quark mass dependene was t using Eq. (8). A linear
quark mass dependene was onsistent with all simula-
tion data. A quadrati valene mass dependene was
used to estimate a systemati unertainty.
The results for single-b baryons are tabulated in Ta-
ble V and plotted in Fig. 2 with statistial errors and in
Fig. 3 with ombined statistial and systemati errors.
The Λb and Σb show signiant sensitivity to the inlu-
sion of a quadrati term in the mass t; other masses
are not hanged very muh by this term. The present
results show a vast improvement in statistial preision
ompared to our previous study[1℄. Multi-exponential
onstrained tting whih uses time-orrelation informa-
tion over a large range, inluding times where the orre-
5.6
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M
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Λb Σb Σ
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∗
b Ξb Ξ
∗
bΞ′b
Figure 2: Masses of single-b baryons. The diagonally-hathed
boxes are lattie results with statistial errors only. Solid bars
(red) are experimental values.
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Figure 3: Masses of single-b baryons. The diagonally-hathed
boxes are lattie results with ombined statistial and system-
ati errors. Solid bars (red) are experimental values.
lation funtion statistial errors are small, plays an im-
portant role in this improvement. Also shown in Table
V is the quantity mass-MΥ/2. This is the atual quan-
tity that the lattie simulation provides and, sine most
of the heavy hadron mass is due to the b-quark mass,
it is a rough measure of the quark and gluon interation
energy. With the present analysis methods this quantity
is determined to a few perent.
With the exeption of Ωb the results are in good agree-
ment with the experimental values. However, one should
not overinterpret this agreement sine saling (with lat-
tie spaing) has not been heked and eets of using
more realisti u/d quark masses still have to be onsid-
ered.
The large disrepany between our alulated Ωb mass
and the value reported in [10℄ is perplexing. To under-
stand how puzzling it is, onsider the basi physial idea
behind heavy quark eetive theory: a heavy quark ats
essentially as a stati olor soure and so mass dierenes
between states with dierent light-quark ongurations
should be independent of heavy quark mass (up to or-
retions inversely proportional to the heavy mass). This
suggests a diret data-to-data omparison of mass dif-
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Figure 4: Experimentally measured values of masses of single-
harm (dashed, blue) and single-bottom baryons (solid, red)
relative to the lowest lying state Λ.
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Figure 5: Masses of single-b baryons from Jenkins[7℄
(vertially-hathed boxes, blue). The diagonally-hathed
boxes are lattie results and solid bars (red) are experimental
values.
ferenes in single-harm and single-bottom baryons as
shown in Fig. 4. The measured masses of the singly-
heavy Σ,Σ∗ and Ξ baryons t the expeted pattern but Ω
shows a large disrepany, the same behavior as observed
with our lattie simulation. The appliation of heavy
quark eetive theory to singly-heavy baryons was for-
malized by Jenkins[29℄. In this work a ombined expan-
sion in the inverse of the heavy-quark mass, in 1/Nc and
in SU(3) avor symmetry breaking was arried out. Mass
formulas were derived whih then allow some masses to
be predited in terms of other experimentally measured
masses. This is a more rigorous version of our data-to-
data omparison. The updated preditions for single-b
baryons from Jenkins[7℄ are shown in Fig. 5 along with
our lattie results and the experimental values. There
is onsisteny between our lattie results and the ee-
tive theory analysis of [7, 29℄ aross the whole spetrum
whih further aentuates the Ωb puzzle.
The masses of double-b baryons are alulated using
Mbb = E
(bb)
sim +MΥ − E
(Υ)
sim. (9)
The masses are interpolated and extrapolated as above.
Table VI: Lattie results for masses of double-b baryons (in
GeV).
mass-MΥ mass
Ξbb 0.667(13)(
12
26) 10.127(13)(
12
26)
Ξ∗bb 0.691(14)(
16
25) 10.151(14)(
16
25)
Ωbb 0.762(9)(
12
13) 10.225(9)(
12
13)
Ω∗bb 0.786(10)(
18
12) 10.246(10)(
18
12)
Ξ∗bb − Ξbb 0.026(8)(
11
10)
Ω∗bb − Ωbb 0.025(7)(
11
6 )
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Figure 6: Lattie results for masses of double-b baryons show-
ing statistial errors only.
The nal results are listed in Table VI and shown in
Figs. 6 and 7 with statistial and ombined errors re-
spetively. As yet there are no experimental values to
ompare with these alulations. The mass dierene be-
tween spin 3/2 and spin 1/2 states in the doubly heavy
setor is interesting beause in the quark model and
in heavy quark eetive theory the baryon spin split-
ting an be related to the spin splitting for heavy-light
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Figure 7: Lattie results for masses of double-b baryons show-
ing ombined statistial and systemati errors.
7mesons[30, 31, 32, 33℄. Simple arguments suggest that
∆Mbaryon ≈
3
4
∆Mmeson. (10)
Within errors, our lattie spin splittings are onsistent
with this relation but are not preise enough to test it
very stringently.
IV. SUMMARY AND DISCUSSION
In this paper the masses of bottom baryons were alu-
lated in a 2+1 avor dynamial lattie simulation. The
lover ation was used for light (u/d and s) quarks and
the b quark was desribed by NRQCD. Using onstrained
multi-exponential tting for hadron orrelators led to
muh more preise results than our previous studies. Sin-
gle bottom baryons whose masses an be ompared to
experimental values show good agreement with the ex-
eption of the reently measured Ωb.
The Ωb is puzzling sine our lattie result is onsistent
with ideas based on heavy quark eetive theory whih
allow for a predition of the Ωb mass using only empirial
input.
Preditions are made for the still unobserved single-
b baryons and for the double-b baryons. Experimental
observation of any of these states would be extremely
interesting and might shed some light on the Ωb puzzle.
This study should be onsidered as the rst step in a
program to do preision alulations in the heavy baryon
setor. To go further, some systemati improvements
have to be made. Radiative orretions to the NRQCD
ation are one of the major ontributions to the system-
ati error and have to be dealt with. The light quark
ation is not orreted for lattie spaing errors to the
same extent as the heavy quark ation. Calulations
are needed at more than one lattie spaing to enable
a ontinuum extrapolation and to estimate reliably lat-
tie spaing errors.
The present simulation is done in a region where the
u/d quark masses are about 0.4 times the strange mass
and some baryon masses exhibit a sensitivity to light
quark mass extrapolation. Smaller values for the u/d
mass would be highly desirable to insure that the simu-
lation aptures more aurately the dynamial sea quark
eets and that the extrapolation to the physial point
an be put on a rm theoretial basis. Using an array
of algorithmi improvements, the PACS-CS ollaboration
has produed ongurations with the lover ation push-
ing the light quark masses to near the physial region[34℄.
As of this writing, these ongurations are not avail-
able for our use. Other fermion formulations ould be
onsidered, suh as staggered fermions[35℄, domain-wall
fermions[36℄ or twisted mass QCD[37℄ whih presently
operate at u/d to s-quark mass ratios as small as 0.1,
0.217 and 0.16 respetively. However, how to ombine
NRQCD with suh approahes may require some atten-
tion. Also, the possibility of a hybrid alulation where
sea and valene quarks are treated using dierent ations
needs further onsideration.
In our previous papers harmed baryons were also
studied[1, 32℄ and one would like to test one's apability
of doing alulations in this setor. At the lattie spaing
used here the harm quark is too light for NRQCD so the
treatment of harmed baryons is left for future work.
APPENDIX
The heavy quark ation is desribed using NRQCD[16℄.
The heavy quark propagator is given by
Gτ+1 =
(
1−
aHB
2
)(
1−
aHA
2n
)n
U †4
U0
×
(
1−
aHA
2n
)n(
1−
aHB
2
)
Gτ , (A1)
with n = 5 used in this work. The Hamiltonian is sepa-
rated into two terms, H = HA+HB, with HA ontaining
the kineti piee H0 and the term proportional to c10 (de-
ned below).
The Hamiltonian ontains all terms up to O(1/M30 ) in
the lassial ontinuum limit:
H = H0 + δH, (A2)
H0 =
−∆(2)
2M0
, (A3)
δH = δH(1) + δH(2) + δH(3) +O(1/M40 ), (A4)
δH(1) = −
c4
U40
g
2M
σ · B˜+ c5
a2∆(4)
24M0
, (A5)
δH(2) =
c2
U40
ig
8M20
(∆˜ · E˜− E˜ · ∆˜)−
c3
U40
g
8M20
×σ · (∆˜ × E˜− E˜× ∆˜)− c6
a(∆(2))2
16nM20
,(A6)
δH(3) = −c1
(∆(2))2
8M30
−
c7
U40
g
8M30
{
∆˜(2),σ · B˜
}
−
c9ig
2
8M30
σ ·
(
E˜× E˜
U80
+
B˜× B˜
U80
)
−
c10g
2
8M30
(
E˜
2
U80
+
B˜
2
U80
)
− c11
a2(∆(2))3
192n2M30
.(A7)
The tildes indiate that the leading disretization errors
have been removed. In partiular,
E˜i = F˜4i, (A8)
B˜i =
1
2
ǫijkF˜jk , (A9)
where
F˜µν(x) =
5
3
Fµν(x)−
1
6U20
[Uµ(x)Fµν (x+ µˆ)U
†
µ(x)
8+U †µ(x − µˆ)Fµν(x− µˆ)Uµ(x− µˆ)
−(µ↔ ν)] +
1
3
(
1
U20
− 1
)
Fµν(x). (A10)
The last term in F˜µν (x) orrets for the fat that the
gauge eld link multiplied by a tadpole fator is no longer
unitary[38℄.
The spatial lattie derivatives are given by
a∆iG(x) =
1
2U0
[Ui(x)G(x + ıˆ)− U
†
i (x− ıˆ)G(x − ıˆ)],
(A11)
a∆
(+)
i G(x) =
Ui(x)
U0
G(x + ıˆ)−G(x), (A12)
a∆
(−)
i G(x) = G(x) −
U †i (x− ıˆ)
U0
G(x − ıˆ), (A13)
a2∆
(2)
i G(x) =
Ui(x)
U0
G(x + ıˆ)− 2G(x)
+
U †i (x− ıˆ)
U0
G(x− ıˆ), (A14)
∆˜i = ∆i −
a2
6
∆
(+)
i ∆i∆
(−)
i , (A15)
∆(2) =
∑
i
∆
(2)
i , (A16)
∆˜(2) = ∆(2) −
a2
12
∆(4), (A17)
∆(4) =
∑
i
(
∆
(2)
i
)2
. (A18)
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